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In the present study, we investigate the full counting statistics in a two-terminal Aharonov-Bohm
interferometer embedded with an interacting quantum dot. We introduce a novel saddle-point solu-
tion for a cumulant-generating function, which satisfies the fluctuation theorem and accounts for the
interaction in the mean-field level approximation. Nonlinear transport coefficients satisfy universal
relations imposed by microscopic reversibility, though the scattering matrix itself is not reversible.
The skewness can be finite even in equilibrium, owing to the interaction and is proportional to the
asymmetric component of nonlinear conductance.
PACS numbers: 73.23.-b,72.70.+m
Microscopic reversibility is a key ingredient in deriv-
ing the Onsager relation and has played a fundamental
role in establishing the linear response theory [1]. Re-
cently, microscopic reversibility was used to develop a
new relationship that would be valid beyond the linear
response regime. This is now known as the fluctuation
theorem (FT) [2]. The FT relates probabilities between
positive and negative entropy productions; provides a
precise statement for the second law of thermodynamics;
and remarkably, reproduces the linear response theory,
the Kubo formula and the Onsager relation [2].
In the last few years, full counting statistics (FCS)
has been recognized as a suitable framework for the FT
in quantum transport [3, 4, 5, 6, 7, 8]. FCS provides
a comprehensive statistical properties for charge trans-
port far from equilibrium [9, 10, 11]. It addresses the
probability distribution P (q) of the charge q which is
transmitted during time τ , and its cumulant generat-
ing function (CGF): F(λ) = limτ→∞ lnZ(λ)/τ , where
Z(λ) =∑q P (q) eiqλ and λ is called the counting field [9].
Recently, the FT was generalized to the quantum trans-
port regime in the presence of interaction and a magnetic
field B [5]. For two-terminal systems, the FT is
F(λ;B) = F(−λ+ iA;−B) , (1)
P (q;B) = P (−q;−B) eqA , (2)
whereA is the affinityA=V/T , the ratio between voltage
V and temperature T (e= ~= kB = 1). One important
consequence from (1) is the universal relations among
transport coefficients [5]. The transport coefficient L is
obtained by expanding the current cumulant with respect
to A:
〈〈In〉〉 = ∂
nF(λ;B)
∂(iλ)n
∣∣∣∣
λ=0
=
∞∑
m=0
Lnm(B)
Am
m!
,
where I = q/τ . The FT (1) leads to the Kubo for-
mula L11 = L
2
0/2 and the Onsager relation L
1
1,− =
0, where Lnm,± = L
n
m(B) ± Lnm(−B) is the sym-
metrized/antisymmetrized transport coefficient. Fur-
thermore, nontrivial relations among higher-order coef-
ficients are obtained [5]:
L12,−=
1
3
L21,−=
1
6
L30,− , L
1
2,+ = L
2
1,+ , L
3
0,+ = 0 . (3)
This is significant in that the skewness L30,− can be finite
even in equilibrium and proportional to the asymmetric
component of nonlinear conductance L12,− as well as the
linear response of noise L21,−.
However, there are some controversies regarding the
validity of Eq. (1) [7]. When interacting mesoscopic con-
ductors possess no mirror symmetry, the nonequilibrium
charge accumulation inside the conductor is not sym-
metric in the magnetic field [12]. Then, the potential
landscape generated by the nonequilibrium charge ac-
cumulation is not symmetric either. This implies that
the S-matrix is not reversible with respect to a magnetic
field SLR(B) 6= SRL(−B), which generates the magnetic
field asymmetric component of nonlinear conductance
and ‘violates’ the Onsager relation [7, 12, 13, 14, 15].
In this respect, the FT (1) is counterintuitive. In fact,
in Ref. [7], the Mach-Zehnder interferometer is suggested
as a counter example of the FT (1). Hence, it is neces-
sary to give examples preserving the FT (1). To this end,
we consider a two-terminal Aharonov-Bohm (AB) inter-
ferometer embedded with a quantum dot (QD) [inset in
Fig. 1 (a)] [16]. We introduce a novel saddle-point solu-
tion of CGF, which realizes the FT (1) and the lack of re-
versibility in the S-matrix simultaneously. It is achieved
by introducing the ’counting field of the dot charge’ in
addition to the dot potential, which are functions of λ.
The solution accounts for nonequilibrium charge accu-
mulation and current fluctuations in the Hartree-level
approximation. We will also calculate Eq. (3) explicitly
and show that the equilibrium skewness is a consequence
of Coulomb interaction.
CGF of QD AB interferometer.– The system consists
2of left (L) and right (R) leads, two arms and a QD. Elec-
trons can travel through the QD and the lower reference
arm [inset in Fig. 1 (a)]. The total Hamiltonian is
H =
∑
r=L,R
Hr +HD +HT +Href , (4)
where the on-site Coulomb interaction U in the QD is
accounted for by HD =
∑
σ=↑,↓ ǫDd
†
σdσ + Ud
†
↑d↑d
†
↓d↓.
The operator dσ annihilates an electron with spin σ.
The leads are modeled by Hr =
∑
kσ εrkσ a
†
rkσ arkσ,
where arkσ annihilates electrons in the lead r with spin
σ and wave vector k. The tunneling and the reference
arm are described as HT =
∑
rkσ tr d
†
σarkσ + H.c. and
Href =
∑
kk′σ tLR e
iφ a†RkσaLk′σ + H.c. . The magnetic
field B pierces through the ring, and the electrons ac-
quire the AB phase φ, which satisfies φ(B) = −φ(−B).
The initial density matrices at both leads are assumed to
have an equilibrium distribution with the chemical po-
tential µL = V/2 and µR = −V/2.
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FIG. 1: (a) Aharonov-Bohm (AB) phase dependent nonequi-
librium charge accumulation. (inset) Quantum-dot AB Inter-
ferometer. Mirror symmetry along the horizontal axis (dotted
line) is absent. (b) Demonstration of the fluctuation theo-
rem (2). The inset shows probability distributions for posi-
tive and negative magnetic fields. Parameters: ΓL/Γ=0.25,
ΓR/Γ=0.75, tref =0.25, ǫD=0, and U=T =V =Γ.
We confine ourselves to high temperature and treat
the interaction in a mean-field level approximation [19].
In order to find a proper saddle-point solution out of
equilibrium, we employ the real-time path integral ap-
proach [17]. The characteristic function, which is the
partition function in the Keldysh formalism, reads Z =
∫ D[a∗rkσ, d∗σ, arkσ, dσ] exp (i ∫C dtL(t)), where C is the
closed time-path. The Lagrangian is given by
L =
∑
rkσ
a∗rkσ(i∂t − εrkσ) arkσ+
∑
σ
d∗σ (i∂t − ǫD)dσ
−
∑
rkσ
(tr e
iϕrd∗σarkσ + c.c.)− Ud∗↑d↑d∗↓d↓
−
∑
kk′σ
(tLR e
−iϕR+iϕL+iφa∗RkσaLkσ + c.c.) ,
where the phase on the upper/lower branch of the
closed time-path ϕr± is related to the counting field
as ϕr± = ±λr/2. We introduce the auxiliary dot-
potential vσ via the Stratonovich-Hubbard transforma-
tion: Ud∗↑d↑d
∗
↓d↓ →
∑
σ vσd
∗
σdσ−v↑v↓/U [18]:
Z =
∫
D[vσ ]Z0(vσ) exp
(
i
U
∫
C
dt v↑(t)v↓(t)
)
,
where Z0(vσ) is the Keldysh partition function for the
noninteracting case U = 0 with a shift in the QD level
ǫD→ ǫD+vσ(t) for spin σ. Although we limit ourselves
to the time-independent stationary solution in the non-
magnetic phase [19], we allow different dot-potentials for
upper and lower branches of C [20]:
vσ±(t) = v± = vc ± ivq/2 . (5)
The classical component vc is the dot potential gener-
ated by accumulation of charges with opposite spin. The
quantum component vq plays the role of the counting
field for charge in QD [21, 22]. After a number of calcu-
lations, the CGF is represented by the S-matrix:
F = F0 − 2
U
vcvq, F0 = 1
π
∫
dωTr ln(1− f˜ K) , (6)
K = 1−eiλ˜S†(v−)e−iλ˜S(v+), S=
(
SLL SLR
SRL SRR
)
, (7)
where 1 is a unit matrix, and λ˜=diag(λ, 0) with λ=λL−
λR. f˜ = diag(fL, fR) consists of the Fermi distribution
function fr(ω) = 1/{exp[(ω − µr)/T ] + 1}. When the
potential v is independent of the magnetic field, the S-
matrix is reversible Srr′(v;B) = Sr′r(v;−B)
Srr(v) = 1− iΓr + tref
√
ΓLΓR cosφ− t2ref ǫ(v)/2
∆(v)
,
SRL(v) =
(
eiφtref ǫ(v)−
√
ΓLΓR
)
/∆(v),
∆(v) =
tref
√
ΓLΓR cosφ
2
−
(
1 +
tref
2
4
)
ǫ(v) + i
Γ
2
,
where ǫ(v)= ǫD+v−ω. The tunnel coupling Γ=ΓL+ΓR
is written with the DOS of the lead as Γr = 2π t
2
r ρr.
Hopping through the reference arm is characterized by
tref = 2π tLR
√
ρLρR. It appears that Eq. (7) is the
3CGF for the joint probability distribution of current and
charge [21, 22]. However, the ’charge counting field’ vq
as a function of λ is now determined by coupled saddle-
point equations:
vc = (U/2) ∂F0/∂vq , vq = (U/2) ∂F0/∂vc. (8)
Magnetic field asymmetry in nonlinear transport.– The
saddle-point solution (8) captures magnetic field asym-
metry in the nonlinear transport regime [7, 13]. For
λ = 0, Eq. (8) possesses a trivial solution: vq = 0 and
vc=v
∗ determined by the nonequilibrium Hartree equa-
tion, v∗=U
∫
dωAσ(ω)/(2π),
Aσ =
∑
r
(Γr + t
2
ref Γ¯r/4)[fr(ω)− 1/2]/|∆(v∗)|2
+ tref
√
ΓLΓR sinφ [fL(ω)−fR(ω)]/|∆(v∗)|2, (9)
where r¯ = L/R for r = R/L. Figure 1 (a) shows the
magnetic field dependence of charge accumulation inside
the QD, nσ = v
∗/U+1/2. In equilibrium V =0, nσ is an
even function of the magnetic field. For V 6= 0, because
the second line of Eq. (9) is related to the lack of mirror
symmetry, the charge accumulation becomes an uneven
function of AB flux nσ(φ) 6=nσ(−φ).
The average of the charge current is obtained by dif-
ferentiating the CGF in terms of λ.
dF
d(iλ)
=
∂F0
∂(iλ)
+
∑
α=c,q
(
∂F0
∂vα
dvα
d(iλ)
− 2vα¯
U
dvα
d(iλ)
)
=
∂F0
∂(iλ)
,
(10)
where α¯= c/q for α= q/c. All contributions except F0
cancel because of the condition (8). Then, the Landauer
formula with the transmission probablity T = |SLR(v∗)|2
is obtained;
〈〈I〉〉 = dF0
d(iλ)
∣∣∣∣
λ=0
=
1
π
∫
dω T (ω) [fL(ω)− fR(ω)] ,
T (ω) = ΓLΓR + t
2
ref ǫ(v
∗)2 − 2 tref ǫ(v∗)
√
ΓLΓR cosφ
|∆(v∗)|2 .
In the absence of interaction U = 0, and thus v = 0,
the transmission probability is symmetric in the mag-
netic field [16]. For finite U and V , because of the ac-
cumulation of magnetic field-dependent nonequilibrium
charges, the reversibility of S-matrix breaks down as
SLR(v
∗(B);B) 6=SRL(v∗(−B);−B), leading to magnetic
field asymmetry in nonlinear conductance.
If we substitute vq = 0 and vc = v
∗ in Eqs. (6) and
(7), our CGF may be compatible with that in Ref. [7] at
the formal level. However, for our case, generally both vc
and vq satisfying Eq. (8) depend on λ. Then the CGF (6)
with Eq. (8), fulfills the FT (1), since if we consider v±
as variables, F0(λ, v±;B) =F0(−λ + iA, v±;−B) is sat-
isfied for any v±. Figure 1 (b) demonstrates the FT (2),
though probability distributions for positive and negative
magnetic fields are different [inset of Fig. 1 (b)]. There-
fore, the magnetic field asymmetry does not necessarily
contradict the FT.
Nonequilibrium noise.– In the presence of interaction,
current and charge fluctuations couple in a nontrivial
manner, which means that we must account for vq care-
fully. Let us consider the derivative of Eq. (8) with re-
spect to the counting field:
dvα¯
d(iλ)
=
U
2
∂2F0
∂vα ∂(iλ)
+
U
2
∑
α′=c,q
∂2F0
∂vα ∂vα′
dvα′
d(iλ)
, (11)
=
∑
α′
Uαα′
2
∂2F0
∂vα′ ∂(iλ)
. (12)
For λ = 0, which implies that vq = 0 and vc = v
∗,
the four components are Ucc|λ=0 = U˜SNN , Ucq|λ=0 =
Ucq|λ=0 = U˜ and Uqq|λ=0 = 0. Coulomb interaction is
screened U˜ = U/(1 − UχNN), because the right-hand
side of (11) contains the derivative of vα itself. The bare
density-density response function χNN and the density-
density correlation function (charge noise) SNN are given
by χNN = ∂
2F0/∂vc∂vq|λ=0/2 = ∂ nσ/∂ǫD and SNN =
∂2F0/∂v2q |λ=0/2. Then, with the help of Eq. (12), the
derivative of Eq. (10) and the full form of the nonequi-
librium current noise read as follows:
d2F
d(iλ)2
=
∂2F0
∂(iλ)2
+
∑
α,α′
∂2F0
∂(iλ) ∂vα
Uαα′
2
∂2F0
∂(iλ) ∂vα′
, (13)
〈〈I2〉〉 = 2 (SII + 2SIN U˜ χIN + χIN 2SNN U˜2) , (14)
where the bare current-density response and the current-
density correlation functions are χIN = (∂ 〈〈I〉〉/∂ǫD)/2
and SIN = ∂
2F0/∂(iλ)∂vq |λ=0/2. The current-current
correlation,
SII =
1
2
∂2F0
∂(iλ)2
∣∣∣∣
λ=0
=
1
2π
∫
dω T (ω) [fL(ω) + fR(ω)
−2fL(ω)fR(ω)]− T (ω)2[fL(ω)− fR(ω)]2 ,
is given by the quantum noise formula for noninteracting
systems [23] with the self-consistent potential v∗. The
second and third terms of Eq. (14) are the result of in-
teraction out of equilibrium, since in equilibrium, the av-
erage current vanishes and consequently, χIN =0. In the
absence of the reference arm tref=0, Eq. (14) reproduces
the theory of the noise for the nonequilibrium Anderson
model in the Hartree-level approximation [24]. For this,
the counting filed of QD charge vq is crucial.
Nonlinear transport coefficients.– Now we come to the
relations among the third-order transport coefficients (3).
First, the bare parts vanish: ∂iλ
3−n∂ nAF0(0, B)|A=0 = 0
(n = 0, 1, 2, 3). Then, the skewness, following the deriva-
tive of Eq. (13) in terms of λ reads
L30 = 6 U˜
eq.S eq.IN χ
eq.
II,N , χII,N = ∂ SII/∂ǫD , (15)
4where χII,N is the linear response of the noise. The su-
perscript eq. specifies that A is fixed at 0. Equation (15)
reveals that equilibrium skewness is caused by the inter-
action. The other transport coefficients are calculated in
the same manner.
L21 = 2 U˜
eq. χeq.NI χ
eq.
II,N + 4 U˜
eq. S eq.IN χ
eq.
I,IN , (16)
L12 = 4 U˜
eq. χeq.NI χ
eq.
I,IN , (17)
where χNI = ∂ nσ/∂A and χI,IN = ∂ χIN/∂A. Figure 2
(a) shows the AB flux dependence of third-order nonlin-
ear transport coefficients. We observe finite skewness for
φ 6= 0 [panel (a)]. It appears that the coefficients be-
have independently. However, as shown in panel (b), an
extension of the Onsager relation (3) is satisfied perfectly.
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FIG. 2: (a) Aharonov-Bohm flux dependent third-order non-
linear transport coefficients and (b) the extension of Onsager’s
theorem. The parameters are the same as those in Fig. 1.
We note that our results can be obtained using the
Hartree approximation based on the nonequilibrium self-
consistent Φ-derivable approximation [25, 26]. In this
scheme, the Keldysh generating function consists of an
infinite number of closed diagrams, each of which satisfies
the symmetry (1), as shown in Ref. [5].
Summary– We studied the full counting statistics of
a quantum dot Aharonov-Bohm interferometer and have
developed a novel Hartree approximation, which satis-
fies the fluctuation theorem and describes magnetic field
asymmetry in the nonlinear transport. We have also
shown that equilibrium skewness as well as the asymmet-
ric component of nonlinear conductance are the result of
Coulomb interaction. These satisfy the extension of On-
sager relations (3) [5], which may be measured by the
currently available experiments [12].
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able comments. This research was supported by Strategic
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